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9. A SIX-WAY SELF-POLAR PAPPUS CONFIGURATION 
We have called Baker’s figure a “perspective Pappus configuration” 
because one Graves cycle has the property that one pair of its triangles 
(and consequently each pair) is a pair of perspective triangles. Sahib 
Ram Mandan has pointed out (in a letter) that this “perspective” property 
may hold simultaneously for two Graves cycles, such as 
9.1 012, 345, 678, and 015, 348, 672, 
thus making the configuration self-polar with respect to siz conies. In 
this case, the point 03.14, being the centre of perspective for the first 
two triangles in each cycle, lies on both 25 and 58 (and does not coincide 
with 5). Therefore 2, 5, 8 are collinear, and their polars c, f, i are concurrent: 
the configuration 9s is marred by the occurrence of a tenth triad of collinear 
points and a tenth triad of concurrent lines. 
Fig. 12. A Pappus configuration with extra incidences. 
Conversely, any Pappus configuration having 2. 5, 8 collinear, and 
c, f, i concurrent, is six-way self-polar : both triads 9.1 have the “perspective” 
property. To prove this, let 2, 5, 8 all lie on a line n, and let c, f, i all 
pass through a point N, as in fig. 12. Since the complete quadrangle 
136N has two sides through 2, and two sides through 5, the harmonic 
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conjugate C of 8 with respect to 2 and 5 lies on 36. Similarly (from the 
quadrangle 047N), C lies also on 47. Thus 345 and 678 are perspective 
triangles; likewise 348 and 672. Hence the configuration is six-way 
self-polar. 
Other harmonic relations are easily deduced: H(34, 2N), H(67, 5N), 
H(O1, 8iV). Thus the harmonic homology {Nn} (having centre N and 
axis n [15, p. 551) effects the permutation (0 1) (3 4) (6 7), and {Cc} 
effects the permutation (2 5) (3 6) (4 7). 
We have defined C so that H(25, SC). Defining F and I analogously, 
so that H(28, 5F) and H(58, 21), we see that 
{F/)=(0 3) (1 4) (2 8), (A}=(0 6) (1 7) (5 8). 
If we make the plane affine by taking n to be the line at infinity, 2,5, 8 
will be the points at infinity on the medians i, f, c of either of the triangles 
360, 471. Finally, if we make the plane Euclidean by taking these triangles 
to be equilateral, the hexagon 073164 will be regular, as in fig. 13. Thus 
the nine lines of the six-way self-polar 93 can be drawn as the six sides 
and three diameters (or “second diagonals”) of a regular hexagon. 
Fig. 13. The sides and diameters of a regular hexagon {6} forming a six-way 
self-polar 9s. 
Since the conic Q touches 73 at 3, 64 at 4, and 67 at 5 (on the line 
at infinity), it is a hyperbola having 67 for one of its asymptotes. It 
is a simple exercise to show that, 073164 being a regular hexagon, this 
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is a rectangular hyperbola. Hence all the six tonics are rectungtir 
hyperbolas (see fig. 14). 
Since all the symmetry operations of the regular hexagon are auto- 
morphisms of the configuration, the six-way self-dual 9s is transformed 
into itself by a group of twelve collineations: the dihedral group 
%6r%X&2 
generated by the harmonic homologies (reflections) 
(0 4) (1 3) (6 7) (a d) (b e) and (3 6) (4 7) (a h) (b g) (d e). 
Fig. 14. Six rectangular hyperbolas, reciprocating the hexagon into itself. 
This 9s is, of course, a subgroup of index 2 in the group of collineations 
and correlations which includes polarities with respect to the six conks 
Q, 9’, z, Jr, 8, X’. 
By examining the permutations of the vertices and sides of the hexagon 
073164 or aegbdh, we see that the six polarities are related like the 
reflections in the lines joining the mid-points of pairs of opposite sides 
of a regular dodecagon (12) (fig. 15) whose vertices represent the points 
and lines 
0, b, 7, 4 3, h, 1, a, 6, e, 4, g. 
Six harmonic homologies appear as reflections in the diameters joining 
pairs of opposite vertices. The remaining harmonic homology, {Nn}, 
appears as the half-turn about the centre. 
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Thus the group of collineations and correlations is the dihedral group Sirs 
(of order 24) generated by the polarity 
D= (0 4 (1 b) (3 4 (4 4 (6 9) (7 h) 
and the harmonic homology 
Pl=(O 6) (1 7) (a b) (c f) (d 4 (e d. 
This special Pappus configuration 9s compares interestingly with the 
“snowflake” Desargues configuration 10s [16, p. 2391, whose ten lines 
consist of the six “first diagonals” and three diameters of a regular 
hexagon, along with the line at infinity. In that case the only polarizing 
conic is a circle, so the group of collineations and correlations (again of 
order 24) is 
%hx62~.2x%2. 
d 
Fig. 15. Polarities with respect to the six tonics, represented as reflections. 
10. COORDINATES FOR THE GENERAL Ptlppus CONFKIURATION 
Having considered the case when 258 is a triad of collinear points, 
we naturally ask whether more than one of the three triads 
036, 147, 258 
can be of this nature. If two are, the third must be also. To prove this, 
we recall from $ 2 that 0, 1, . .., 8 are nine asso&ted points. If 147 and 
258 are triads of collinear points, the three lines 36,47,58 form a degenerate 
cubic curve passing also through the remaining point 0. But 0 is not 
on 47, nor on 58, so it must be on 36. 
We saw, in Q 3, that this happens in EQ(2, 3). It is known to happen 
also in the complex projective plane, where the nine points not only 
lie on a pencil of cubic curves but are the nine points of in$exion of each 
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curve in the pencil. In fact, the 9 points and 9 + 3 lines form the famous 
Hessian mnjiguration 94123 [26, p. 102; 13, p. 1231. 
Setting aside this familiar case, we may assume without loss of generality 
that the triad 036 forms a triangle, as in fig. 4, so that it can be used 
as triangle of reference. (An alternative procedure [9, p. 174*] uses one 
of the eighteen Graves triangles as triangle of reference). 
Taking 1 to be the “unit point” (1, 1, I), let 4 be (1, ,u, Y). Then 2, 
on both 16 and 34, is (1, 2, Y) ; 5, on both 13 and 04, is (Y, ,u, Y) ; 8, on both 
01 and 46, is (A, ,u, ,u); and 7, on both 02 and 38, is (l/p, l/y, l/n). To 
avoid coincidences, 1, ,u, v must be all diflerent, and not zero. These 
coordinates show that the general Pappus configuration is determined 
by three parameters 2, ,M, v, entering homogeneously; in other words, 
there is a two-parameter family of projectively distinct Pappus con$gurations. 
(Analogously, there is a three-parameter of Desargues configurations 
[16, p. 2351). 
Since one condition makes the configuration self-polar, there are six 
one-parameter families of self-polar Pappus configurations. The condition 
for the three lines 
36=[1, 0, 01, 47=[1-/J/J, l-v/p, l-n/v], 58=[,+-v), v@-/J), ~(v-A)] 
to be concurrent is 
10.1 2/J=v+A. 
(The one parameter is now p, because no generality is lost by writing v = 1). 
This is what happens when the first of the six Graves cycles consists 
of perspective pairs of triangles (see Q 7). The analogous conditions for 
the remaining five cycles are easily seen to be 
2 
2v=2+/.6, 22=pufv, p = y 
2 1 ‘+f, ;EXfj, 2 -1,’ 
1-p v’ 
Hence the Pappus configuration, coordinatized as above, is self-pokzr 
if and only if one of 1, ,u, v is the arithmetic or harmonic mean of the other two. 
At first sight these six conditions seem to be mutually incompatible, 
but then we remember that 2, ,u, v need not all have the same sign. 
Actually, either of the last two conditions is compatible with t,he first. 
Choosing the last one, we solve the equations 
10.2 2/A=v+A, f = I+f. 
P v 
and find that there are six polarizing conks (as in Q 9) when the point 
(k f4 4 is (4, 1, -2). 
*) The seoond edition [9a, at the top of page 2041 contains an error: the sign + 
should have been deleted. 
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11. COLLINEATIONS 
A character table for the group G 388 has been published by Finizio 
[18, pp. 11%1211 and checked independently by J. S. Frame. As we 
saw in 5 6, the eleven classes of conjugate elements are typified by 
1, (B-W)a, 0, Ba, Bs, BsCs, B, (B-W)s, Cs, B-XI, C. 
Using the permutations 4.2, 4.3 and the above coordinates for the nine 
points, let us now investigate which automorphisms are collineations. 
(Over the finite field GP[3] they all are, so we consider the more interesting 
case of the real field). 
The automorphism (B-W)2 = (0 3 6) (1 4 7) (2 5 8) takes the quadrangle 
0361 to 3604, that is, to 
(0, 1, 0) (0, 0, 1) (1, 0, 0) (4 pu, 4. 
The only collineation having this effect is 
0 P 0 [ 1 oov, a 0 0 
and in fact this collineation is (B-W)2 since it acts correctly when applied 
to each of the remaining points. For instance, the point 2 becomes 
(a, a, y) [ 0 P 0 0 0 v = (4 ah w= h P, 4, 
a 0 0 
1
which is 5. But the same procedure usually fails when applied to any 
of the remaining nine typical elements. 
For instance, the permutation Bs=(O 8) (2 6) (3 5) takes 0361 to 
8521, that is, to 
. (4 P, P) (6 pu, 4 (a, 4 4 (1, 1, I), 
suggesting the collineation 
1 
a P P --- 
a-p a-p a-p 
V P y --- 
p--v p-v p-v 
1 a a v --- v-a v-a v-a 1 ; 
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but when this collineation is applied to the point 2, we obtain a point 
which coincides with 6 only if 
1 P ;+y+X-3=0, 
that is, only if the points 1, 4, 7 are collinear. 
Similarly, the permutation (B-rC)a=(O 1) (3 4) (6 7) takes 0361 to 
1470, that is, to 
(0, 1, 0) (4 P, 4 (l/p, l/v, l/4 (1, 0, O), 
suggesting the collineation 
but when this collineation is applied to 2, we obtain 
( 
A l/A-v2 1 v 
--93 > p 1-v > 
which is 2 itself only if p=v or v= 0. Both these possibilities are ruled out 
by the requirement that “A, ,u, v must be all different and not zero”. 
Proceeding this way, we finally conclude that, for the general Pappus 
co@uration in the real plane, the collineation group is just the Qa 
generated by (B-$)2; see 6.1. 
12. MORE SYMMETRICAL COORDINATES 
Returning to the general Pappus configuration, we must admit that 
the “(A, p, v) coordinates” lack symmetry. We can remedy this blemish 
by means of a coordinate transformation that will exhibit the collineation 
6.1 as the cyclic permutation (z y z) of the three coordinates. For this 
purpose we multiply 2, y, x by 01, p, y, where 
a3 = f!sv, p = v22, y2 = Pp. 
The nine points are now 
O=P, 0, O), l=b, B, y), 2= (l/p, l/K l/y), 
3=(0, 1, 01, 4=(y, a, B), 5=(1/y, l/P, l/4, 
6=(0, 0, 11, 7=(A Y, 4, 8=(1/a, l/y, l/B); 
therefore the nine lines are 
a=rp, -4 01, b=[O, a, -y-J, c=[O, y, -/I], 
d=[-4 0, 81, e=[cc, -Y9 019 f=[Y, -p, 01, 
s=N B, --ocl, h=[-y, 0, a], i=[-p, 0, y]. 
To avoid coincidences we must have 
[26, p. 1121. 
44a2 -/%w2 - VW2 --01B)#O 
The condition 10.1 for a self-polar configuration now becomes 2yora = 
ag2+py2 or 
12.1 
Fig. 16. 21 points and 21 lines including a self-polar 9s. 
When we include the remaining points and lines of the Desargues 
configurations based on the various pairs of perspective triangles, namely 
(12 r/B, B/r), (13 a/r, r/a)1 (19 B/a, 4% (05 2% B), 
(B/r, 1, Y/B)> (Y/% 1, a/r), b/B, 1, m7 (B, 02 24, 
(r/A BhJ~ l), (a/r? r/4 l), (8/a, a/A l), (26 I% Oh 
II-26 Y, PI, C-WA B/K 11, [-2//39 l/Y, l/ml, [I, 0, 01, 
[A -26 71, P, -WA B/al, PIa, -2/B, Vrl, IX4 1, 01, 
[Y, B, -2a1, [B/K 1, - WBI, P/r, l/a, -2/Bl, [O, 0, 11, 
we have altogether a three-way self-polar arrangement (fig. 16) of 21 points 
and 21 lines, with 3, 4 or 5 lines through each of 9, 3 or 9 points, and 
3, 4 or 5 points on each of 9, 3 or 9 lines [21, p. 1411. 
John Rigby has pointed out (in a letter) that this arrangement involves 
19 Indagationes 
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at least nine further perspective Graves triads. Three of them are 
678, IOP, LM5; 678, P21, 3MN; 678, 2P0, L4N; 
and the rest are derived from these by applying the permutation 6.1, 
that is, by rotating the figure. 
The polarity 3.1, transforming the quadrangle 0361 into the quadri- 
lateral a&h, is 
[-f -; -I]. 
Thus the conic 52 is pxs --01zs + 2pyx - 2arxy = 0, and the “apolar” or 
“harmonic” system of three tonics Q, Z, S (fig. 17) may be expressed as 
1 
a(z2+2xy)-p(x2+2yx)=o, 
12.2 &(x2+ 2yx) - /9(y2+ 22x) = 0, 
c4(y2+2zx)-p(22+2xy)=o. 
The three polarities are related like the reflections in the medians of 
an equilateral triangle : any two of them generate a group !Bs z es whose 
remaining elements form the &I generated by the collineation 6.1. 
Fig. 17. Twelve points on the three conics, and twelve tangents. 
13. COMPLETELY SYMMETRICAL COORDINATES FOR A “PERSPECTIVE” 
CONFIGURATION 
Wolstenholme [41, p. 2641 observed that such a “harmonic system” 
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of three tonics Q, Z, S, in terms of a suitable triangle of reference, can 
have the elegant equations 
13.1 x2+2yx=o, y2+2zx=o, 22+2xy=O 
(as if we could set 01=0 in 12.2; but or course that cannot be done 
directly without making the configuration collapse). 
As we saw in 5 8, the triangles 012, 345, 678 are inscribed in S, Q, .E, 
respectively. Thus we may introduce parameters r, s, t so as to give the 
nine points and nine lines the following coordinates: 
O=( 2, -r2, 2r), I=( 2, -9, 2s), 2=( 2, -t2, 2t), 
3=( 2r, 2, -t-2), 4=( 29, 2, -s2), 5=( 2t, 2, -t21, 
6=( -r2, 2r, 2), 7=(-S, 29, 2), 8=(-F, 2t, 2), 
and, since the O-polar of (x, y, z) is [x, x, y], 
cc=12=[ 2, 2r, -rq, b=02=[ 2, 2s, -521, c=Ol=[ 2, 2t, -e-J, 
d=78=[ 2r, -r2, 21, e=68=[ 29, -s2, 2],f=67=[ 2t, -t2, 21, 
g=45=[-r2, 2, 2r], h=35=[--2, 2, 2~1, i=34=[-t2, 2, 2t1. 
Since the triangle 012 is self-polar for 52, any two of its vertices, say 
(x, y, x) and (x’, y’, x’), must satisfy 
xx’ + yz’ + zy’ = 0. 
Hence 4 - 2s2t - 2st2 = 0, that is, 
(s+t)st=2. 
Let Xs- AX2 + BX - C = 0 be the cubic equation whose roots are r, s, t, 
so that 
r+s+t=A, rst=C. 
Then the above equation yields AC= (C+ 2)r. Similarly, AC= (C+ 2)s. 
But rfs, so 
C=-2 and A=O. 
Writing, for convenience, -3k for B, we see that r, s, t are the roots 
of the equation 
X3-3kX+2=0 
where, since the roots must be distinct, kfl. If the geometry is real, 
so that we want the roots to be real, 
k> 1. 
The various values of the single parameter k yield the one-parameter 
family of self-polar Pappus configurations. 
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When k varies continuously from 1 to oo and down again to 1, each 
vertex of the triangle 012, in turn, runs along a certain portion of the 
conic S, as follows: r (say) decreases from -2 to --oo=oo and then 
decreases to 1, s decreases from 1 to 0 and then increases to 1, t increases 
from 1 to oo = - 00 and then increases to - 2. Since X2+ 2/X = 3k> 3, 
the parameter X (= r or s or t) can never take a value between - 2 and 0. 
In other words, points of the configuration are restricted to the arc of 
Q (or Z, or S) exterior to S (or 52, or 21, respectively). (The “forbidden” 
arcs have been “crossed out” in fig. 17). 
When the triangle of reference is drawn as an equilateral triangle with 
the unit point at its centre (so that the coordinates can equally well 
be regarded as area1 or trilinear), the asymptotes of the hyperbola Sz 
are its tangents from the centre (1, 1, l), which is the pole of the line 
at infinity [l, 1, 11. Since the combined equation for the tangents from 
any point (x’, y’, z’) to the conic d+ 2yz=O is 
(x’x + x’y + y’2)2 - (x’2 + 2y’z’)(L?9 + 2yz) = 0, 
the combined equation for the asymptotes is 
or 
{2~+(1/3-~)y-(~3+1)z){2z-(~3+1)y+(1/3--)z}=0; 
thus the asymptotes are [2, f 1/3 - 1, F 1/3 - 11. These satisfy the condition 
XX’+ YY’+Zz’-~(YZ’+eY)-gzx’+xz’)-~(xY+ YX’)=O 
for two lines [X, Y, Z] and [X’, Y’, 2’1 to be perpendicular [9, p. 184; 
9a, p. 214; 29, p. 591. Hence our three conics are rectungular hyperbolas. 
In fact, they are three of the six hyperbolas shown in fig. 14. 
The two triangles 345 and 678, being polar (to each other) with respect 
to 9, are perspective. Pairs of corresponding vertices are joined by lines 
36=[2k, kr-2, 2r], 47=[2k, ka-2, 281, 58=[2k, kt-2, 2t], 
all passing through the centre of perspective 
(2, 2k -k2), 
which lies on the conic Z (that is, ys + 22x = 0). Dually, pairs of corresponding 
sides meet in the points 
d.g=(2k, 2r, kr-2), eah=(2k, 2s, ks-2), f.i=(2k, 2t, kt-2), 
all lying on the axis of perspective 
P, -k2, 2k1, 
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which touches the conic S (that is, zs+ 2xy=O). Similarly, 678 and 012 
have centre of perspective (-k 2, 2, 2k) on S and axis of perspective 
[2k, 2, -k2] touching 9, while 012 and 345 have centre of perspective 
(2k, - k2, 2) on D and axis of perspective [- k2, Zk, 21 touching ,Z. 
Moreover, (2, 2k, - k2), the centre of perspective for 345 and 678, lies 
on [- k2, 2k, 21, the axis of perspective for 012 and 345, in agreement 
with $ 7. 
14. THE HESSIAN CONFIGURATION WITH ONE POINT REMOVED 
In 3 3 (fig. 5) we considered the finite affine plane EG(2, 3), with its 
9 points and 12 lines forming a configuration 94123 which reappears in 
the complex plane as the Hessian configuration (9 10). After removing 
one of the nine points, say (0, 0), and the four lines through it, we are 
left with a self-dual configuration 83 [11, p. 237, Ex. 31, which is thus 
seen to consist of eight points 1, 2, . . ., 8, and eight lines containing the 
collinear triads jkl, where either 
14.1 j+k+ZzO (mod 9) or j-ksl (mod 3). 
Again, as in $ 2, the transformation j -+ 2j (mod 9) may be applied 
to any statement about incidences. 
We proceed to prove that the complex configuration defined by 14.1 
is unique, in the sense that any two such configurations are related by 
a collineation. 
Without loss of generality we may take the six points 1, 2, 3,4, 5, 6 to be 
(1, 0, 01, (0, 1, O), (0, 0, 11, (0, 1, 11, (1, 0, l), (x, 1, 0). 
Then 7, where 14 meets 56, is (x+ 1, 1, l), and 8, where 25 meets 46, 
is (x, xf 1, x). The collinearity 378 yields the equation (I(: + l)a = x, or 
22+x+1=0. 
It follows that, although this configuration 8s is impossible in the real 
plane, it exists in the complex plane and in any PG(2, q) for which 
q $ 2 (mod 3). (T. G. Ostrom and F. A. Sherk, Canadian Mathematical 
Bulletin 7, 1964, p. 556). In the complex case we naturally take z to be 
co = e2nt/3 , 
so that the points 6, 7, 8 are 
(w 1, O), t-m29 1, 11, (1, -m, 1). 
Of course we could equally well have taken x to be 
6 = 02 = e-2nU3 > 
but this is the only other possibility. Thus the 83 is projectively unique, 
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except that we must allow the interchange of complex conjugates: an 
“antiprojective” collineation. 
This uniqueness contrasts strikingly with the Pappus configurations 93, 
which are a two-parameter family (5 lo), and the Desargues configurations 
103, which are a three-parameter family [16, p. 2351. 
Having found the eight points 
1=(1, 0, O), 2=(0, 1, O), 3=(0, 0, l), 
4=(0, 1, I), 5=(1, 0, l), 6=(w, 1, 0), 
7=(-d, 1, l), 8=(1, -0, l), 
we observe that the eight lines 
a=234=[1, 0, 01, b=135=[0, 1, 01, c= 126=[0, 0, 11, 
d=147=[0, 1, -11, e=258=[-1, 0, 11, f=378=[o, 1, 01, 
g=468=[&, - 1, 11, h=567=[-1, co, l] 
are their polars with respect to the conic 
14.2 22+y2=22, 
for which both the triangles 123 (or a&) and 678 (or fgh) are self-polar. 
We observe also that d is the tangent at 4, and e at 5. 
15. PAIRS OF “OPPOSITES” RELATED BY A HARMONIC HOMOLOGY 
The four “diameters” 18, 27, 36, 45 all pass through the “centre” 0, 
which is (w2, o, - 1). Dually, the four intersections a. It, b -9, c-f, da e 
all lie on the line [o.?, co, 11. Accordingly we may speak of pairs of opposite 
points 
1, 8; 2, 7; 3, 6; 4, 5 
and pairs of opposite lines 
a, h; b, g; c, f; 4 e. 
Each pair is interchanged by the involutory collineation 
15.1 Z=(l 8) (2 7) (3 6) (4 5) (a h) (b g) (c f) (d e)= 
which is the harmonic homology with centre (~2, w, - 1) and axis 
ro2, 0, 11. 
We have been working in the field of complex numbers, but the same 
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expressions will serve in the finite field GF[3] if we write 1 for w, and in 
GF(22] if we take 02 + u) + 1 to be the second modulus (and disregard 
the minus signs). 
To prove that 8s has a “centre”, the following alternative procedure 
was suggested by S. Kantor [25, p. 9171: 
Given the incidences 14.1, define 0 to be the intersection of 18 and 27. 
Then 0, 1, . . . . 8 are nine associated points because they lie on both the 
line-triads 
23, 56, 18; 46, 13, 27. 
Also 1, . . . . 8 lie on the line-triads 
14, 28, 36; 38, 26, 45. 
But 0 is not on any of 14, 28, 38, 26; therefore it is on both 36 and 45. 
16. MUTUALLY INSCRIBED QUADRANGLES 
It is interesting to observe that the configuration 83 can be regarded 
in three ways as a pair of simple quadrangkx, each inwribed in the other. 
One such pair of quadrangles is 
1287, 3465. 
(The vertices of the former lie on the sides b, a, g, h of the latter, while 
the vertices of the latter lie on the sides f, d, c, e of the former). The other 
two pairs of quadrangles can be derived from this pair by doubling each 
number and reducing modulo 9: 
2475, 6831; 4851, 3762. 
Taking the vertices of each pair alternately, we obtain a self-inscribed 
octagon. In this way the first pair yields the octagons 
15238476, 14268573, 
and we can double the numbers to derive the remaining four octagons: 
21467853, 28437156, 
42835716, 47865213. 
In 1828, having discovered the three-dimensional configuration of two 
mutually inscribed tetrahedra, Mobius [28, p. 4461 considered the 
apparently analogous possibility of two mutually inscribed quadrangles 
in a plane, but abandoned it when he saw that it fails in the real plane. 
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More than fifty years later, S. Kantor showed that such a pair of 
quadrangles does exist in the com@zx plane. Accordingly, the 83 is 
sometimes called the Miibius-Kantor conjiguration [lo, pp. 121-1251. 
The self-inscribed octagon is reminiscent of the definition by Sommerville 
[33, p. 961 of a “complex” polygon as having more than two vertices 
on an edge or more than two edges through a vertex. Since the self- 
inscribed octagon has three vertices on each edge and three edges through 
each vertex, he might well have called 83 a regular corn&z octagon. 
(To be continued) 
